Dynamics of a particle moving in a two dimensional Lorentz lattice gas by Sampat, Pranay Bimal et al.
Dynamics of particle moving in a two dimensional Lorentz lattice gas
Pranay Bimal Sampat,∗ Sameer Kumar,† and Shradha Mishra‡
Department of Physics, Indian Institute of Technology (BHU), Varanasi, U.P. India - 221005
We study the dynamics of a particle moving in a two-dimensional Lorentz lattice-gas. The un-
derlying lattice-gas is occupied by two kinds of rotators, “right-rotator (R)” and “left-rotator (L)”
and some of the sites are empty viz. vacancy “V”.The density of R and L are the same and density
of V is one of the key parameters of our model. The rotators deterministically rotate the direction
of a particle’s velocity to the right or left and vacancies leave it unchanged. We characterise the
dynamics of particle motion for different densities of vacancies. The probability of the particle be-
ing in a closed or open orbit is a function of the density of vacancies and time. As the density of
vacancies increases in the system, the tendency to form a closed orbit reduces. Since the system is
deterministic, the particle forms a closed orbit asymptotically. We calculate the probability of the
particle to get trapped in a closed orbit and extract the Fisher’s exponent in the diffusive regime.
We also calculate the fractal dimension and observe a consistent change in the values as we increase
the number of vacancies in the system. The system follows the hyper-scaling relation between the
Fisher’s exponent and fractal dimension for a finite vacancy density.
I. INTRODUCTION
Most native species, like microscopic particles, en-
counter random obstacles in the environment they
move, i.e. they move in an inhomogeneous environment
[1–3]. These obstacles or the environment directly
influence the motion of the microscopic particles and
can be modeled by a pattern of barriers/obstacles in
the medium, which control the motion of a particle
moving in it. Depending on the characteristic of the
environment, motion can be of different kinds, e.g.
anomalous diffusion or confined motion [4, 5]. Previous
studies have addressed the action of the particle(s) in an
inhomogeneous environment and its effect on particle
dynamics and steady state [6, 7]. Lorentz lattice gas
(LLG) [8–10] has turned out to be useful way to model
different types of inhomogeneous environment. The
different physical phenomenon has been studied using a
Lorentz lattice gas [11–17], in one and two dimensions.
In [8], authors have studied a fixed obstacle model,
where properties of the environment remain unchanged
throughout the motion of the particle, unlike the case
of [14, 15] where the environment can change with the
motion of the particle. For a fixed nature of obstacles it
is found that asymptotically the particle forms a closed
orbit [8].
In our present study obstacles are modeled as left and
right rotators, which rotate the direction of particle ve-
locity towards left or right respectively. Some of the sites
are vacant and the direction of velocity of a particle pass-
ing through these sites remains unchanged. The density
of vacant sites is one of the key parameters and the ratio
of left/right rotators is kept fixed at one. For any density
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of vacancy, asymptotic behaviour of the particle is closed
orbit as reported in [8]. But we found approach to the
asymptotic state depends on the density of the vacant
sites in the system. Our main results are, (i) for all va-
cancy density, before the closing of orbit, the dynamics
of particle is analomous diffusion and the effective diffu-
sion coefficient depends on the vacancy density. For zero
vacancy density or fully occupied lattice diffusion coeffi-
cient approaches the same value as for two-dimensional
random walk. (ii) The motion of the particle is purely a
random walk until the particle not visited any site more
than once. As soon as it revisits a site, it becomes a
random walk with memory. Initial analomous diffusion
is faster for larger vacancy densities but at late times,
the motion of particle on fully occupied system (or zero
vacancy) is more extended. At the same time probability
of open orbit decreases as a power law with time. The
power decreases on increasing vacancy density. But for
finite vacancy density at late time orbits start to close
exponentially as reported in [8]. (iii) We also calculate
the effective fractal dimension of particle’s trajectory and
find a hyperscaling for all vacancy density.
In the rest of the article: in section II we discuss the
model in detail. Then we discuss the results of our model
in section IV and finaly conclude in section V.
II. MODEL AND NUMERICAL DETAILS
We study the dynamics of a single particle moving along
the bonds of a square lattice of unit lattice spacing
a = 1 and visits a lattice site in a unit time step
∆t = 1. The lattice consists of two types of rotators-
“left” (L) and “right” (R), randomly distributed over
the lattice with an equal probability. Few sites are left
vacant and are termed as “vacancies” (V). The density
of vacancies is one of the control parameters of our
model. L/R rotators change the direction of particle
velocity to the left/right (−pi2 /
pi
2 ) respectively, whereas
the velocity remains unchanged when it encounters a
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2FIG. 1. Schematic diagram of two dimensional Lorentz Lat-
tice Gas : (a) Initial configuration of LLG with left-rotators
(filled circles), right-rotators (open circles) and vacancies
(empty sites). (b) State of the particle before (t) and after
(t+1) interaction with rotator; the arrow shows the direction
of particle’s velocity.
vacant site. Fig. 1(a) shows the cartoon of a part of full
lattice and 1(b) shows the interaction of particle with
L/R rotators and vacancy. The density of “L”, “R”
and “V” is defined as ρL, ρR and ρV respectively and
ρL + ρR + ρV = 1. For any given value of ρV , ρL and
ρR are always equal.
The particle starts its motion from a single point and
the configuration of the lattice point is generated when
the particle visits it for the first time, using the uniform
probability distribution which is given by densities ρL,
ρR and ρV respectively. After this, the configuration
of lattice point is stored and it remains unchanged
throughout the motion, i.e. the motion is deterministic.
In the present model, the particle never experiences
a boundary, so it moves in an open lattice. As time
progress and number of visited sites increases and we
need to store more and more lattice information. Hence
the code becomes slow. However, our approach has
following advantages over saving the whole lattice at
once:
(i) If we were to generate a finite lattice for which the
particle is theoretically always trapped in the bound-
aries, the time required to generate the lattice and the
memory needed to store it will be of the order ofO(t2max),
where tmax is the total number of time steps.
(ii) If we were to generate a smaller finite lattice than
the theoretically required lattice, the particle could cross
the boundary. In such a case, the code has to be stopped
and the realisation has to be excluded when calculating
observables.
The position of the particle at any time t is defined as
r(t) = x(t)xˆ + y(t)yˆ, where x(t) and y(t) are the parti-
cle’s position (coordinate) along x − axis and y − axis
respectively (two directions as shown in Fig. 1). Po-
sition of the particle is updated at each time step as,
x(t + 1) = x(t) + vx(t) and y(t + 1) = y(t) + vy(t);
here vi(t) (i = x, y) is the i
th component of the particle
velocity at any time t which is updated (when particle
interacts with a rotator) according to
[
vx (t+ 1)
vy (t+ 1)
]
=
[
cos θs sin θs
− sin θs cos θs
] [
vx (t )
vy (t )
]
(1)
where θs have the value according to the type of the
rotator particle interacting with (for R−rotator θs =
pi/2, for L−rotator θs = −pi/2 and for vacancy V θs =
0).
Following quantities are calculated to characterise the
properties of the motion of the particle,
(i) Mean squared displacement (MSD), which is a mea-
sure of the extension of the particle’s motion. MSD
(∆(t)) is defined as ∆(t) = 〈[r(t) − r(0)]2〉 where 〈.....〉
means the average over many initial configurations of
“L”, “R” and “V”,
(ii) Po(t): probability of finding an open orbit calculated
over large (' 10000) number of realisations, and
(iii) df : fractal dimension which characterise the struc-
ture of trajectory visited by the particle. It is defined
as df (t) =<
2ln(B)
ln(A) >, where A and B are the measure
of the area and boundary of trajectory of particle mo-
tion. The fractal dimension was calculated as an average
across all closed orbits.[8, 16].
To characterise the motion, we extract the exponent β
from ∆(t) vs. t by fitting the data with ∆(t) = 4Dtβ .
If β > 1, the motion is ballistic. If β ' 1 the motion
is diffusive, and if β < 1, the motion of the particle is
sub-diffusive. The system is studied for different values
of ρV (0− 0.4) and upto 105 time steps.
Now, we discuss our results in next section IV, before
that in section III we discuss the basic characteristic of
particle motion.
III. DETERMINISTIC NATURE AND CLOSED
ORBITS
The model we defined in section II is deterministic, and
the behaviour of each lattice point will be consistent
throughout the motion of the particle for a given con-
figuration of “L”, “R” and “V”, regardless of how many
times the particle visits a lattice point. For example, if
the lattice point is occupied by a right rotator for a given
configuration, the particle will always turn right when it
visits that lattice point.
The motion of the particle will not be any different from
a probabilistic version of the same model until it comes
back to a lattice site it has previously visited. When it
revisits a site, the particle has to repeat the same turn
it had taken when it had visited the site earlier in its
motion. At this point, a memory is introduced in the
motion of the particle. The particle will get trap into
a closed orbit if it revisits a site with the same velocity
with which it had visited it earlier. This is because the
particle would then leave the site with the same direction
of velocity as it did in the previous case, and thus it will
3keep repeating its orbit, starting from the first point it
had revisited. The first such revisited point would have
to be the origin. For all values of ρV , the deterministic
nature of the model lets the particle to get stuck in a
closed or periodic orbit aymptotically. For a given value
of ρV , the probability of the particle being in a closed
orbit at time t is given as Pc(ρV , t), which is calculated
by counting the fraction of closed orbits at time t for a
chosen number (' 10000) of realisations. Similarly, the
probability of the particle not having been trapped in a
closed orbit at time t is given as Po(ρV , t). Naturally,
Po(ρV , t) + Pc(ρV , t) = 1.
IV. RESULTS
Analomous diffusion: We first study the dynamics of
particle for different values of ρV . In fig. 2, we plot
the MSD vs. time t for different values of ρV . For all
vacancy densities, very early time (t ' 1 − 10) (data
not shown) dynamics of particle is ballistic. As time
progress particle encounter interaction with rotators
and hence random motion starts. The motion of the
particle is a pure random walk before it revisits a
site and then a kind of memory is introduced in its
dynamics. For a given initial configuration of “R”, “L”
and vacancy (including zero vacancy), the dynamics of
particle is purely diffusive before it revisits a site and
hence we find that β ' 1 upto a moderate time. The
plot of MSD vs. t on log− log scale is shown in Fig.
2(a)(main). Which shows the linear variation of MSD
with time for intermediate times t ' 100− 10000 for all
ρV . As shown in Fig. 2(inset), the dynamics of particle
for any finite vacancy density ρV 6= 0, is very different
from zero vacancy after early time random walk. For
finite ρV as time progress, more number of trajectories
will close and hence it leads to the slower growth of
∆(t).
The effective path length (leff )) for different values
of ρV is given as leff =
1√
1−ρV . This is greater than
the lattice spacing (1) for non-zero vacancy densities,
and increases with an increase in the value of ρV ;
leff ' 1.054, 1.118, 1.19, 1.29 for ρV = 0.1, 0.2, 0.3 and
0.4 respectively. Hence dynamics of particle before it
revisit a site is more extended for larger ρV . Hence at
early time (t ' 10−1000) MSD increases with increasing
ρV , as seen in Fig2(b). But for finite ρV , the effective
number of scattering neighbours neff = 4(1 − ρV )
decreases with increasing ρV . For a fully occupied lat-
tice, the particle always moves through a homogeneous
deterministic arrangement of scatterers. Hence, the
motion of particle is always of diffusive type and MSD
varies linearly with time (up to t ' 108). In Fig. 2(c) we
plot the effective diffusion coefficient Deff (ρV , t) =
∆(t)
4t
for different ρV . For zero ρV , the late time Deff ' 0.25
the same value as for two-dimensional random walk.
However, due to the deterministic nature of motion,
trajectories close with time and the diffusive motion
of the particle is not conventional. The probability
distribution of radial position P (r), does not follow a
Gaussian distribution. Hence the motion is referred
to as analomous diffusion. The plot of P (r) vs. r for
ρV = 0 is shown in Fig. 2(d) at three times t = 1000, 10
4
and 105. At all times, P (r) shows a devation from a
Gaussian distribution and the peak appears close to the
origin r ' 0. As shown in Fig. 2(c), for finite ρV 6= 0,
the effective diffusion coefficient Deff decreases with
time, which is due to the faster closing of orbits at late
time for finite ρV .
Open and Closed orbit: As discussed in previous para-
graph, after an intermediate time of initial diffusive
dynamics, trajectories start to close, due to the compte-
tion between two types of dynamics discussed. Hence for
any finite vacancy density ρV , after some characteristic
time, the motion of the particle becomes subdiffusive
and β < 1. The characteristic time increases with in-
creasing vacancy density. No sub-diffusion is observed in
the fully occupied lattice. In fact, the motion of a parti-
cle in a fully occupied lattice is anomalously diffusive up
to 108 time-steps [8]. We calculate the fraction of open
orbits at time t for different values of ρV . We plot the
probability of open orbit Po(ρV , t) with time, as shown
in Fig. 3(a). For a fixed time, as we increase ρV , i.e. in-
crease the vacancies in the system, Po(ρV ) also increases.
But at late time t > 104, for finite ρV , Po(ρV , t) starts
to decay exponentially as shown in Fig. 3(c). Before
the exponential decay of Po we estimate the power law
decay exponent. Po(ρV , t) ∼ t−γ(ρV ), and extract the
decay exponent γ(ρV ) for different value of ρV . The
γ(ρV ) decreases with increasing ρV , which is due to
more extended early time trajectories for finite ρV .
Plot of γ(ρV ) for different non-zero vacancy densities
ρV = (0, 0.4) is shown in Fig. 4. It is observed that
γ(ρV = 0) ' 1/7 and then shows a jump to value ∼ 0.1
and remains flat up to ρV 6 0.1, but then decreases
sharply.
The dynamics of the particle is like the formation of
connected clusters in the percolation problem [8]. Hence
probability of open orbit at time t is equal to t2 × the
probability of having a cluser of size t, hence Po(t) =
t2t−τ , where τ is similar to the Fisher exponent[21].
Hence when compared with our finding τ = 2 + γ. For
fully occupied lattive γ(0) ' 1/7 and hence τ(0) = 15/7
which is similar to the Fisher droplet exponent[8, 21].
Boundary of particle trajectory: We further characterise
boundary of particle trajectory for ρV . For that we first
measure how the area and boundary of visited points
changes with time. In 5(a) we have plotted the variation
of df with time for different values of ρV . The value
of df was observed to increase systematically with an
increase in ρV . Hence the boundaries of the particle tra-
jectory become rougher as we increase vacancy density.
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FIG. 2. (a) Variation of MSD ∆(t) with time (t) for different vacancy densities ρV (Main). Inset plot shows the crossover
from diffusion to subdiffusion. (b) Zoomed in image of plot (a) for t < 1000. (c) Effective diffusion coefficient Deff vs t for
different values of ρV . (d) P (r) vs r at different times for a fully occupied lattice.
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FIG. 3. Probability of getting an open orbit Po(ρV , t) vs time
(t) for different value of ρV .
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FIG. 4. Exponent γ vs ρV plot. Value of γ is extracted by
fitting power law to P0(ρV , t) vs t plot in diffusive regime i.e.
simulation time O(104).
This is due to more extended trajactories of particle mo-
tion for finite vacancy density. But at the same time
the Fisher exponent τ , which controls the probability
of being in an open orbit, decreases- and it happens in
such a manner that the product (τ − 1)df ' 2. When
(τ − 1)df = 2, the particle dynamics can be mapped to
the corresponding problem of bond percolation in two
dimensions. Hence for zero vacancy density motion is
similar to two-dimensional bond percolation and as we
increase vacancy density we find systematic variation
from that. In Fig. 5(b) we plot the hyperscaling relation
(τ − 1)df vs. time t for different vacancy densities.
V. DISCUSSION
We studied the dynamics of a single particle moving on
a two-dimensional Lorentz-lattice gas. The lattice is oc-
cupied by right/left rotators and some of the sites are
left vacant. The particle moves along the bond of the
lattice and turns left/right if it encounters a left/right
rotator, or continues its motion if it passes through a va-
cancy. The dynamics of particle motion is explored for
various vacancy densities. Although the asymptotics of
particle dynamics are the same for all vacancy density
as the probability of open orbit Po(t) eventually decays
to zero if the system is allowed to run for a large num-
ber of time steps (t→∞). However, the transient state
dynamics are very different for a fully occupied lattice
(vacancy density is zero), and lattices with a finite va-
cancy density. For a zero vacancy density lattice, the
dynamics is of diffusive type, where mean square dis-
placement varies linearly with time, but the probability
distribution of particle position is non-Gaussian, hence
we call it analomous diffusive. But for any finite vacancy
density transient state dynamics extended for very early
time, then show subdiffusive behaviour for intermediate
time and then close asymptotically at late time. A simi-
lar change is seen in the rate at which orbits close. Upto
a characteristic time which varies for all values of va-
cancy density, the probability of the particle being in an
open orbit varies as a power law. The variation of this
power is also systematic, and it decreases as we increase
the value of vacancy density. However, after the char-
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FIG. 5. (a)Variation of fractal dimension for different values of vacancy density in the diffusive regime (O(104)).(b)Hyperscaling
condition w.r.t. time for different values of vacancy density in the diffusive regime.
acteristic time, the probability of open orbits starts de-
caying exponentially. Boundary of particle trajectory is
fractal with fractal dimension increasing with increasing
vacancy density. Particle dynamics is similar to bond
percolation in two dimensions but it shows systematic
deviation from it for finite vacancy density. In the cur-
rent study, we focused on the dynamics of single particle.
Many particle dynamics with an interaction between the
particles may change the results of the study dramati-
cally.
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